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Abstract
We consider the possibility to detect right-handed neutrinos, which are mostly sing-
lets of the Standard Model gauge group, at future accelerators. Substantial mixing
of these neutrinos with the active neutrinos requires a cancellation of different con-
tributions to the light neutrino mass matrix at the level of 10−8. We discuss possible
symmetries behind this cancellation and argue that for three right-handed neutrinos
they always lead to conservation of total lepton number. Light neutrino masses can
be generated by small perturbations violating these symmetries. In the most general
case, LHC physics and the mechanism of neutrino mass generation are essentially
decoupled; with additional assumptions, correlations can appear between collider
observables and features of the neutrino mass matrix.
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1 Introduction
The most appealing and natural mechanism for generating small neutrino masses is the
(type-I) seesaw mechanism [1–5]. It relies on the existence of right-handed (RH) neutrinos
that are singlets under the Standard Model (SM) gauge groups and can therefore have
large Majorana masses. A direct test of the seesaw mechanism would involve the detection
of these neutrinos at a collider and the measurement of their Yukawa couplings with
the electroweak doublets. If the Dirac neutrino masses are similar to the other fermion
masses, the Majorana masses turn out to be of order (108 – 1016) GeV, so that this test
is not possible. In principle, the seesaw mechanism can also be realised with masses as
small as 100 GeV, though, which are within the energy reach of the LHC and future
colliders. This possibility has attracted renewed interest recently, see e.g. [6–14]. However,
given the smallness of the light neutrino masses, small RH masses generically imply tiny
Yukawa couplings. Consequently, also the mixing between the singlets and the electroweak
doublet neutrinos is tiny, resulting in negligible production cross sections. In order to
allow for large mixing, different contributions to the light masses have to cancel. In other
words, the leading-order structure of the mass matrices leads to vanishing light neutrino
masses [15–27], and non-vanishing masses are generated by small perturbations. Unless
this structure can be motivated by some symmetry, it amounts to fine-tuning. The known
setups [15,16,23,25,26] contain lepton number conservation, which ensures that the heavy
states either form Dirac pairs or decouple from the active neutrinos.
An alternative possibility is that the neutral fermions participating in the seesaw are
not singlets of the SM symmetry group or have some other interactions that can lead
to their production at future colliders, see e.g. [27–35]. For instance, if all singlets are
relatively light, one can expect that the scale of left-right symmetry is also low. In this
case, they have gauge interactions with the WR and Z
′. Then the discovery is possible
for masses up to a few TeV. Another example is the type-III seesaw mechanism [36, 37],
where the heavy neutrinos enter an SU(2) triplet and therefore can be produced by the
electroweak interactions even if their mixing with light neutrinos is extremely small.
In this paper we will reconsider from the theoretical perspective the possibility of testing
the existence of RH neutrinos at future colliders. We study implications of such a detection
for the mechanism of neutrino mass generation. After discussing the generic estimates that
lead to the expectation of tiny doublet-singlet mixings, we will consider the cancellation of
contributions to light neutrino masses required by large mixings and possible underlying
symmetries in Sec. 2. Besides the well-known case of lepton number conservation, we will
discuss a scenario based on the discrete symmetry A4 which achieves the same objective in
a different way, but ultimately turns out to contain a conserved lepton number, too. We
argue that this is a general feature of any symmetry behind the cancellation. In Sec. 3,
we will systematically study small perturbations of the leading-order mass matrices that
yield viable masses for the light neutrinos. In Sec. 4, we will discuss consequences for
signatures at colliders. Within the setups relying on a symmetry, lepton number violation
is unobservable. Lepton-flavour-violating processes can have sizable amplitudes but are
difficult to observe at LHC [14]. Consequently, the discovery of RH neutrinos will probably
require a more advanced machine like the ILC.
1
2 Cancellations and Symmetries
2.1 Mixing of Doublet and Singlet Neutrinos
In the setup we consider, the Lagrangian responsible for neutrino masses is the same as in
the type-I seesaw scenario [1–5],
L
ν
Mass = −νmDN −
1
2
NCmRN + h.c. . (1)
Each RH neutrino1, Ni, generates the (rank 1) contribution to the mass matrix of light
neutrinos
m(i)ν = −
1
Mi
~mi ~m
T
i , (2)
where Mi is the mass of Ni and ~mi ≡ (mei, mµi, mτi)T . Then the Dirac mass matrix, in
the basis where mR is diagonal, is given by mD = (~m1, ~m2, ~m3), and the complete mass
matrix of the light neutrinos equals
mν =
∑
i
m(i)ν = −mDm−1R mTD . (3)
The Dirac mass terms provide the mixing between the light (active) and heavy (singlet)
states, described by the mixing matrix elements
Vαi =
(
mDm
−1
R
)
αi
=
mαi
Mi
(α = e, µ, τ) . (4)
In terms of Vαi, the elements of the mass matrix in Eq. (2) can be rewritten as
(m(i)ν )αβ = −VαiVβiMi . (5)
Assuming the absence of cancellations, the experimental limits on the light neutrino masses
imply that each element is at most of the order mν ∼ 0.1 eV. This yields the upper bound
|Vαi| ∼
√
mν
Mi
. 10−6
(
100 GeV
Mi
)1/2
. (6)
It can be considered the generic bound on the mixing of any heavy Majorana lepton with
the light neutrinos.
The limit (6) is much stronger than the direct bound for singlets heavier than the
Z, obtained from observations like universality of the weak interactions and the Z width
[38, 39],
∑
i
|Vαi|2 . 0.01 . (7)
1We will call any heavy singlet N that has Yukawa couplings with the usual (active) neutrinos a RH
neutrino.
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If the heavy neutrinos are to be observable at the LHC or the ILC, their mixing angles
must not lie far below the upper limit (7) [6, 9, 10, 12, 14]:
|Vαi| & 0.01 . (8)
Using this value, we obtain from Eq. (5) a contribution to the light neutrino mass
m(i)ν ∼ |Vαi|2Mi = 107 eV
( |Vαi|
0.01
)2(
Mi
100 GeV
)
. (9)
Thus, to reconcile mν ∼ 0.1 eV with the observability of RH neutrinos at the LHC or the
ILC, one needs to arrange a cancellation between the contribution from a given RH neutrino
and some other contribution at the level of 10−8. The situation improves only slightly if
one considers more advanced machines like CLIC or an eγ collider, which could increase
the reach in the mixing angle by about an order of magnitude compared to Eq. (8) [7,8,10].
In what follows we will discuss cancellations between the contributions from different
RH neutrinos, i.e. we will stay within the framework of the type-I seesaw scenario. One
could also consider a cancellation with contributions from other mechanisms, for example
involving a Higgs triplet (type-II seesaw [40–43]), a fermion triplet (type-III seesaw [36,37])
or a radiatively generated neutrino mass [44,45]. However, in these cases contributions from
different, in general unrelated sources have to cancel, which looks extremely implausible.
The left-right symmetric models have been suggested as an exception, since there the
type-I and type-II seesaw contributions can be related [46].
2.2 Cancellation of Light Neutrino Masses
Let us consider first the necessary and sufficient conditions for an exact cancellation of
contributions to the light neutrino masses. In the case of two RH neutrinos, two matrices
have to cancel,
m(1)ν +m
(2)
ν = 0 . (10)
Together with Eq. (2) this implies [17, 19, 20] proportionality of the vectors ~mi,
~m1 = y1 ~m0 , ~m2 = y2~m0 (~m0 ≡ m (1, α, β)T ) , (11)
and
y21
M1
+
y22
M2
= 0 . (12)
Therefore, the Dirac mass matrix has the form
mD = m

 y1 y2αy1 αy2
βy1 βy2

 . (13)
This result can be generalised to the case of three neutrinos [18, 21, 22]. The light
neutrino mass matrix vanishes if and only if the Dirac mass matrix has rank 1,
mD = m

 y1 y2 y3αy1 αy2 αy3
βy1 βy2 βy3

 , (14)
3
and if
y21
M1
+
y22
M2
+
y23
M3
= 0 , (15)
where the mass parameters are defined in the basis where the singlet mass matrix is
diagonal. That is, the contributions from the three RH neutrinos to mν have to be equal
up to a normalisation factor in this case as well. Under the conditions (14,15), the light
neutrino masses vanish exactly, to all orders in mDm
−1
R . This can easily be seen by writing
down the 6× 6 mass matrix M and verifying that its rank is 3 or smaller. Consequently,
the same is true forM†M, implying the existence of at least 3 vanishing mass eigenvalues.
The νN -mixing relevant for collider physics, as given by Eq. (4), is not restricted by the
cancellation condition (15) and hence allowed to be large enough to make the detection of
RH neutrinos possible.
In the following, we will show that Eqs. (14) and (15) are also necessary conditions.
Let us consider the case of k RH neutrinos coupled with three active neutrinos. (A general
consideration of the case with an equal number of left- and right-handed neutrinos has
been presented in [22].) We parametrise the contribution of the ith RH neutrino to the
light Majorana mass matrix as
m(i)ν = µi

 1 αi βiαi α2i αiβi
βi αiβi β
2
i

 (i = 1 . . . k) . (16)
Then the 11-, 12- and 22-elements of the condition mν =
∑
im
(i)
ν = 0 can be written as
k∑
i=1
µi = 0 ,
k∑
i=1
αiµi = 0 ,
k∑
i=1
α2iµi = 0 . (17)
Introducing xi ≡ αi/α1, and subtracting the first equation in (17) from the second and
third one, (divided by α1 and α
2
1, respectively) we obtain
k∑
i=2
(xi − 1)µi = 0 ,
k∑
i=1
(
x2i − 1
)
µi = 0 . (18)
Eq. (18) is a system of linear equations for µi. A similar consideration for the 11-, 13-
and 33-elements of the condition mν = 0 leads to the same system of equations with
xi → x′i ≡ βi/β1.
For k = 2 the first equation in (18) gives µ2(x2 − 1) = 0 with the unique non-trivial
solution x2 = 1 or α1 = α2. Then the second equation is satisfied automatically. Similarly
one finds β1 = β2, and consequently m
(1)
ν ∝ m(2)ν , so that we recover Eqs. (11,12).
For k = 3 the system
(x2 − 1)µ2 + (x3 − 1)µ3 = 0 ,
(
x22 − 1
)
µ2 +
(
x23 − 1
)
µ3 = 0 (19)
has non-trivial solutions (µi 6= 0) only if (x2 − 1) (x3 − 1) (x2 − x3) = 0 (zero determinant).
If this condition is satisfied with x2 6= 1 or x3 6= 1, one µi is zero and µk = −µj (k, j 6= i) for
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the two others. This implies that one RH neutrino decouples and the problem is reduced
to the case of two RH neutrinos with cancelling contributions, cf. Eqs. (12,13). Thus, the
only non-trivial case is x2 = x3 = 1, i.e. α1 = α2 = α3. Analogously, β1 = β2 = β3, and
consequently m
(1)
ν ∝ m(2)ν ∝ m(3)ν . Then the definition (2) straightforwardly leads to
~m1 ∝ ~m2 ∝ ~m3 , (20)
which proves that the rank of the Dirac mass matrix must be 1. Writing mD as in Eq. (14)
and plugging it into the condition mν = 0 finally yields Eq. (15).
In the case of k = 4 we have two linear equations for three variables µ2, µ3, µ4 and
therefore the zero determinant condition does not apply: non-trivial solutions appear even
if xi 6= ±1. This means that the Majorana matrices generated by different RH neutrinos are
not necessarily proportional to each other and non-trivial cancellation conditions appear.
One interesting (and the most symmetric) example is when cancellations occur between
two pairs of matrices, for instance
m(1)ν = −m(2)ν , m(3)ν = −m(4)ν . (21)
In this case two combinations of the light neutrinos couple with RH neutrinos and the latter
form two heavy Dirac neutrinos. For k = 6, all three combinations of active neutrinos can
couple to RH neutrinos. In what follows, we will concentrate mainly on the case of three
RH neutrinos.
One can also obtain the cancellation condition using the Casas-Ibarra parametrisation
[47] for the Dirac mass matrix,
mD = UPMNS
√
mνR
√
mR , (22)
where R is an arbitrary orthogonal matrix, RRT = 1. This matrix disappears from
the seesaw formula and therefore does not influence the light neutrino masses. On the
other hand, R does influence the Dirac mass matrix and therefore the mixing of the RH
neutrinos with the active neutrinos. In fact, the elements of R can be arbitrarily large, so
that according to (22) one can obtain large mD (and therefore large mixing) for arbitrarily
small mν . We will show an example in the appendix where the limit mν → 0 but √mνR =
const. recovers the cancellation conditions.
Eq. (14) implies that only the combinations
ν˜ =
νe + α
∗νµ + β
∗ντ√
1 + |α|2 + |β|2 , N˜ =
y1N1 + y2N2 + y3N3√∑
i |yi|2
(23)
of left- and right-handed neutrinos participate in the Yukawa interactions. Two other
combinations of the active neutrinos decouple and therefore remain massless. The mass of
ν˜ is zero because the contributions from the different RH components in N˜ cancel. In the
next section we will elaborate on this cancellation more and give a different interpretation.
The fact that only one combination of the left-handed (LH) neutrinos ν˜ and one combi-
nation of the RH neutrinos N˜ couple can follow from a flavour symmetry. For example, in
the basis of LH states that includes ν˜ and the RH states that includes N˜ , a U(1) symmetry
with a simple charge assignment can lead to a single coupling. The cancellation condi-
tion (15) that involves both the Yukawa couplings and the masses does not show a simple
symmetry in the most general case. Without a symmetry motivation, it is a fine-tuning
condition and in addition unlikely to be stable against radiative corrections at the required
level. In the following we will therefore discuss cases relying on symmetries.
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2.3 Cancellation due to Lepton Number Conservation
Let us derive a symmetry that leads to the cancellation as well as the additional constraints
it implies for the particular realisation. According to our consideration in the previous
section, only one combination of the active neutrinos has Yukawa interactions with singlets.
Therefore, we consider the system of one active neutrino ν˜ and two or three singlets. We
require that all singlets have masses at the electroweak scale or higher or decouple from
the system. Since there is only one light neutrino, the only mass that it may have is
a Majorana mass. The Majorana mass is forbidden if we assign to ν˜ a non-zero lepton
number, e.g. L(ν˜) = 1, and require it to be conserved in the whole system.2 (Notice that
in the case of two active components in the system they could form a light Dirac neutrino
and our argument would not work.)
Next, we determine the lepton numbers of the singlets which ensure that only one
combination couples to ν˜ and that the singlets are massive. We can rewrite the Dirac
mass term in Eq. (1) as m˜ν˜N˜ , where
m˜ ≡ m
√∑
i|yi|2 (1 + |α|2 + |β|2) . (24)
This mass term implies that N˜ has the lepton number L(N˜) = 1, and all other RH
neutrinos have L 6= 1.
We first consider the case of two RH neutrinos, denoting by N ′ the combination of RH
components that is orthogonal to N˜ . Then the only way to generate a mass for N ′ and
N˜ that is consistent with lepton number conservation is to prescribe L(N ′) = −1 and to
introduce the mass term MN ′CN˜ . Combining the mass terms,
−
(
m˜ν˜ +MN ′C
)
N˜ + h.c. , (25)
we see that ν˜ mixes with N ′C to form a heavy Dirac neutrino together with N˜ . This Dirac
neutrino has mass
√
M2 + m˜2, while the orthogonal combination of ν˜ and N ′C is massless.
In this way we have arrived at the symmetry structure used previously in order to obtain
the cancellation in [15, 16, 23, 25, 26].
In the case of three singlets, there are two combinations N ′1 and N
′
2 orthogonal to
N˜ , and consequently, several possibilities to realise lepton number conservation and the
cancellation appear [48]:
1. L(N ′1) = −1 and L(N ′2) 6= ±1 (or vice versa). In this case a Dirac particle arises
as before, whereas N ′2 decouples from the system. It can have a Majorana mass if
L(N ′2) = 0.
2. L(N ′2) = L(N
′
1) = −1. Now both N ′1 and N ′2 can couple to N˜ . Then the correspond-
ing combination of N ′C1 and N
′C
2 appears in Eq. (25) and forms a Dirac pair with N˜ .
The orthogonal combination is massless and decouples.
2More precisely, we impose a global symmetry U(1)L under which the SM particles have a charge L
that equals their lepton number. Thus, it leads to the same consequences as lepton number conservation
in the SM, in particular massless neutrinos and vanishing amplitudes for L-violating processes.
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Thus, in all cases with two and three singlets we arrive at the same conclusion: if the
cancellation of active neutrino masses is a consequence of lepton number conservation, this
symmetry leads to one decoupled singlet and to the existence of a Dirac fermion formed
predominantly by the other two singlets, i.e. the symmetry yields the structure (25). Due
to symmetry the structure is stable under radiative corrections. In the flavour basis for
the LH neutrinos, L(να) = 1 for all flavours α, and the mass matrices read
3
m′R =

 0 M 0M 0 0
0 0 M3

 , m′D = m

a 0 0b 0 0
c 0 0

 . (26)
If the decoupled singlet has non-zero lepton number, thenM3 = 0. We will refer to Eq. (26)
as the cancellation structure hereafter.
Instead of lepton number conservation, we can use some discrete subgroup of U(1)L to
ensure the cancellation. For example, invariance under ν˜ → iν˜, N˜ → iN˜ , N ′ → −iN ′ does
the same job. In models of this type, U(1)L reappears as an accidental symmetry of the
discussed mass terms, but it may be broken in other sectors explicitly to avoid a massless
Majoron [49, 50]. In the case of 4 and more RH neutrinos, more than one combination of
active neutrinos couples with the singlets, cf. Eq. (21), and the arguments presented here
do not apply.
The suppression of the masses of the active neutrinos is not due to the seesaw mecha-
nism but due to mixing with additional states and mismatch between the number of left-
and right-handed fields [15]. So we can conclude that observation of the RH neutrinos at
LHC and other colliders would imply that at least those RH neutrinos do not participate
in the seesaw mechanism.
2.4 Three Degenerate Singlets and the Discrete Symmetry A4
In general, the cancellation condition does not require the conservation of lepton number.
In the basis ν˜, N˜ , N ′1, N
′
2 the sufficient condition for the cancellation is that the determinant
of the N ′1N
′
2-block of the singlet mass matrix should be zero. This does not forbid entries
in the singlet mass matrix that violate lepton number. Hence, one may ask whether
symmetries exist which lead to the cancellation, but not to L-conservation.
Let us first assume that such a symmetry produces equal masses for all singlets, mR =
M 1, and realises Eq. (15) in such a way that seemingly all three singlets participate in
cancelling the light neutrino masses,
y21 + y
2
2 + y
2
3 = 0 . (27)
We will now show that in this case there always exist a Dirac pair of heavy neutrinos and
a decoupled singlet. That is, in fact the system does realise lepton number conservation.
From Eq. (14) we know that the Dirac mass terms have the form
−mν˜ (y1N1 + y2N2 +N3) + h.c. , (28)
where without loss of generality we have set y3 = 1. Now the cancellation condition (27)
reads y21 + y
2
2 = −1. Recall that yi are complex parameters and that in general |yi|2 6= 1.
3A prime denotes quantities in a basis where the singlet mass matrix is non-diagonal.
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Performing an orthogonal transformation Ni → Nir, it is straightforward to check4 that
the mass term (28) can be reduced to
−κν˜ (iN1r +N2r) + h.c. , (29)
where κ = m
√
(Im y1)2 + (Im y2)2. Thus, the third singlet decouples. As the singlet mass
matrix is proportional to the unit matrix, it does not change under the transformation.
Introducing N˜ = (iN1r + N2r)/
√
2 and the orthogonal combination N ′1 = (−iN1r +
N2r)/
√
2, we find that the Yukawa couplings and the mass term become
√
2κ¯˜νN˜ and
MN ′C1 N˜ , respectively. Consequently, N˜ and N
′
1 form a Dirac pair and we reproduce
precisely the structure (26) that corresponds to lepton number conservation.
As an interesting special case, let us consider the most symmetric scenario where |y1|2 =
|y2|2 = |y3|2 = 1 or y1 = 1, y2 = ω, y3 = ω2, where ω = e 2pii3 . This scenario can arise
from the discrete flavour symmetry A4. Suppose that the singlets transform under the
representation 3, while all the LH neutrinos transform under 1′′ in the notation of [51].
Then mR = M 1, and a Dirac mass matrix is obtained from the interactions
3∑
i=1
hi νi
(
N1φ1 + ωN2φ2 + ω
2N3φ3
)
,
where hi are coupling constants and φ is a scalar transforming under 3 with vacuum
expectation values (vevs) 〈φk〉 ≡ vk. We find
mD =

h1v1 ωh1v2 ω
2h1v3
h2v1 ωh2v2 ω
2h2v3
h3v1 ωh3v2 ω
2h3v3

 . (30)
In the notation of Eq. (14), this corresponds to m = h1v1, y1 = 1, y2 = ωv2/v1 and
y3 = ω
2v3/v1, so that vanishing light neutrino masses are obtained for
v1 = v2 = v3 = v (31)
(up to phase factors), which is required in most mass models based on A4. If one did not
assign the LH neutrinos to a one-dimensional representation, producing a rank-1 Dirac
mass matrix would require tuning or a non-trivial extension of the symmetry.
Transforming the RH fields into N˜ = U †magN , where
Umag =
1√
3

1 1 11 ω ω2
1 ω2 ω

 (32)
is the magic matrix, we obtain the Dirac term m˜ν˜N˜3 with m˜ =
√
3v
√|h1|2 + |h2|2 + |h3|2,
and the mass matrix of the RH neutrinos N˜ ,
m˜R = UmagUmag =

1 0 00 0 1
0 1 0

 . (33)
4One has to perform a rotation in the 12-plane that leads to a real Yukawa coupling of the second
RH neutrino and afterwards a rotation in the 23-plane that makes the coupling of the third RH neutrino
vanish.
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That is, ν˜ mixes with N˜C2 and forms a Dirac pair with N˜3. The decoupled singlet N˜1
retains the mass M , while the Dirac neutrino is slightly heavier. Thus, lepton number
conservation arises as an accidental global symmetry in this A4 toy model.
2.5 Cancellation without Lepton Number Conservation?
In the above examples, the singlets contributing to the cancellation mechanism have equal
masses. Due to the imposed symmetry the cancellation is stable against radiative cor-
rections. Let us relax the requirement of equal masses and consider the renormalisation
group evolution of neutrino masses. Suppose that the singlets N1 and N2 are relevant
for the cancellation and that the condition (15) is imposed by a symmetry at the energy
scale M2, i.e. m
(1)
ν (M2) = −m(2)ν (M2). Below this scale, the symmetry is broken. We use
an effective theory where N2 is integrated out, so that the contribution m
(2)
ν corresponds
to a dimension-5 operator. In the SM, the running of this operator differs from that of
m
(1)
ν [52, 53], so that
d
dt
mν
∣∣∣
µ=M2
=
d
dt
m(1)ν
∣∣∣
µ=M2
+
d
dt
m(2)ν
∣∣∣
µ=M2
=
1
16π2
(
α1 m
(1)
ν (M2) + α2 m
(2)
ν (M2)
)
= − 1
16π2
(
λ + 3
2
g2 + 3
2
g′2
)
m(1)ν (M2) , (34)
where t ≡ ln(µ/µ0) and µ is the energy scale. The term involving the Higgs self-coupling
λ and the gauge couplings g, g′ is of order 1. Thus, using the estimate m
(1)
ν ∼ 0.01 GeV
from Eq. (9), we obtain a light neutrino mass of
mν(M1) ∼ d
dt
mν
∣∣∣
µ=M2
∆t ∼ 10−4 GeV lnM2
M1
(35)
at M1, which is unacceptable unless N1 and N2 are nearly degenerate. Of course, the
problem becomes even worse if also the third singlet contributes to the cancellation, since
then there are additional corrections from the running between M2 and M3.
As the running is due to diagrams with Higgs fields in the loop, our estimate is not
reliable if the Higgs is heavier than M2. In supersymmetric theories, both m
(1)
ν and m
(2)
ν
obey the same renormalisation group equation due to the non-renormalisation theorem,
so that mν remains zero above the mass scale MSUSY of the superparticles. However, as
long as M1 < MSUSY, the SM can be used as an effective theory below this scale, so that
the estimate (35) remains valid if we replace M2 by MSUSY. In any case, further changes
of the neutrino mass matrix from threshold corrections [20, 54, 55] tend to yield too large
masses as well, although a simple model-independent estimate is more difficult.
These arguments suggest that the cancellation of light neutrino masses can only be
realised without fine-tuning, if the RH neutrinos contributing to the cancellation are nearly
degenerate in mass. As we have seen in the previous sections, this implies the existence
of a symmetry U(1)L which guarantees the conservation of total lepton number in the
light sector. Consequently, any more complicated symmetry leading to vanishing neutrino
masses has to contain U(1)L as a subgroup or accidental symmetry.
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3 Non-Zero Neutrino Masses from Perturbations
We will now discuss small perturbations of the cancellation structure introduced in the
previous section that lead to non-vanishing light neutrino masses. We will identify the
simplest cases which result in viable neutrino masses and mixings.
3.1 Generic Perturbations
In the case of the Dirac pair of Sec. 2.3, the most general possibility for perturbing the
cancellation structure (26) is
m′R =

 ǫ1M M ǫ13MM ǫ2M ǫ23M
ǫ13M ǫ23M M3

 , m′D = m

a δa ǫab δb ǫb
c δc ǫc

 ≡ m (r, rδ, rǫ) . (36)
Considering the entries in the mass matrices as spurions, we can immediately see which
of them are relevant for the light neutrino masses. The latter have a lepton number of
+2, so that they will receive contributions from combinations of parameters which also
have L = +2. We have L(ǫ2) = L(rδ) = 2, so that these parameters can contribute
directly via terms also involving the large Yukawa couplings r. As L(ǫ23) = L(rǫ) = 1,
these quantities will appear quadratically (or in combinations of 2 or more different small
parameters). If all perturbations are of the same order of magnitude, these contributions
will be sub-leading. Finally, L(ǫ1) and L(ǫ13) are negative, so that terms involving these
quantities have to contain at least 2 more small parameters. Consequently, they are almost
completely irrelevant for neutrino masses at the tree level.
Explicitly, we obtain
mν = −m2
[
(m′−1R )11 rr
T + (m′−1R )12 (rr
T
δ + rδr
T ) + (m′−1R )13 (rr
T
ǫ + rǫr
T ) +
+ (m′−1R )22 rδr
T
δ + (m
′−1
R )23 (rδr
T
ǫ + rǫr
T
δ ) + (m
′−1
R )33 rǫr
T
ǫ
]
(37)
with
m′−1R =
1
M3


−M3
M
ǫ2 + ǫ
2
23
M3
M
+ M3
M
ǫ1ǫ2 + ǫ13ǫ23 −ǫ23 + ǫ2ǫ13
M3
M
+ M3
M
ǫ1ǫ2 + ǫ13ǫ23 −M3M ǫ1 + ǫ213 −ǫ13 + ǫ1ǫ23
−ǫ23 + ǫ2ǫ13 −ǫ13 + ǫ1ǫ23 1 + 2 MM3 ǫ13ǫ23

+ 1
M
O(ǫ3) .
In the following, we will assume that max(a, b, c) ∼ 1, m/M ∼ 0.1, M ∼ 0.1 TeV (as re-
quired by observability of Ni at LHC), that all ǫi in m
′
R are of the same order of magnitude,
and that no severe cancellations occur in Eq. (37). Then neutrino masses mν ∼ 0.1 eV
require each term in square brackets to be of order 10−9 TeV−1 or smaller. Applying this
criterion to the first term and the second one, respectively, we obtain
ǫ2 . 10
−10 , (38)
max(δa, δb, δc) . 10
−10 . (39)
Considering the last term with M3 ∼ 1 TeV for concreteness, we obtain
max(ǫa, ǫb, ǫc) . 10
−4.5 , (40)
10
i.e. this term would be negligible if also rǫ ∼ rδ. From these constraints on ǫ2, rδ and rǫ it
follows that all other terms in Eq. (37) are negligible under our assumptions, so that
mν ≈ m
2
M
[
ǫ2 rr
T − (rrTδ + rδrT )
]− m2
M3
rǫr
T
ǫ . (41)
For completeness, we also list the constraint
ǫ23 . 10
−4.5 (42)
for M3 ∼ 1 TeV, which can be obtained from the first term in brackets in Eq. (37). As
mentioned, the remaining L-violating parameters are all but irrelevant for neutrino masses
and thus unconstrained at the tree level. However, they contribute to one-loop threshold
corrections to mν [20]. If only ǫ1 is non-zero, we find using the result given in [26]
∆mν ≈ ǫ1 g
2
128π2
m2
M
f(M,MH) rr
T , (43)
where f is of order 1 and depends on M and the Higgs mass. Requiring for simplicity the
corrections to be significantly smaller than the tree-level masses, ∆mν . 0.01 eV, we find
ǫ1 . 10
−8 . (44)
The parameter ǫ13 violates L by one unit and therefore enters ∆mν quadratically. Fur-
thermore, its contribution is suppressed by M/M3. Hence, it is less constrained,
ǫ13 . 10
−3.5 , (45)
again for M3 ∼ 1TeV. All other perturbations yield negligible radiative corrections if they
satisfy the above tree-level limits.
3.2 Special Cases
Only ǫ2 6= 0
Returning to Eq. (41), we see that there are obviously enough free parameters to fit
the measured neutrino mass parameters and to prevent any observable imprint of the
cancellation structure. Let us therefore look at some more constrained cases. The simplest
possibility is that the dominant contribution comes from the first term in brackets,
mν ≈ ǫ2m
2
M
(a, b, c)(a, b, c)T . (46)
Notice that this perturbation generates the singular mass matrix of light neutrinos that
is required by data in the first approximation. The condition b = c leads to a maximal
atmospheric mixing angle. One also finds
sin θ13 =
|a|√|a|2 + |b|2 + |c|2 , (47)
so that the experimental 3σ limit sin2 θ13 < 0.04 [56] translates into
∣∣ b
a
∣∣ & 3.5 for |b| ≈ |c|.
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ǫ2 6= 0, rǫ 6= 0, rδ = 0
Perturbations of the Dirac mass matrix are needed to generate a second non-vanishing
mass and the solar mixing angle, since the rank of the product mDm
−1
R m
T
D and thus the
number of massive neutrinos is at most as large as the minimum of the rank of mD and
the rank of mR. Adding non-vanishing entries in either rǫ or rδ is sufficient. If only rǫ 6= 0,
we can have a scenario where two neutrinos are light due to the U(1)L symmetry while the
third mass is suppressed by the usual seesaw mechanism, i.e. large M3. If rǫ ∼ 1, M3 has
to be larger than about 1012 GeV here. A relatively simple choice of parameters leading
to viable neutrino masses and mixings with a normal mass hierarchy is
m = 10 GeV , M = 100 GeV , M3 = 10
12 GeV ,
ǫ2 = 2.5 · 10−11 , a = 0 , b = −c = 1 , ǫa = ǫb = ǫc = 0.17 .
In [26] an alternative situation was studied where all singlet masses are equal in the leading
order, M3 = M . This is enforced by an SO(3) flavour symmetry, which contains U(1)L
as a subgroup and also motivates the smallness of the perturbations in the singlet mass
matrix.
Only rδ 6= 0
If rδ is not much smaller than rǫ, its contribution to mν will dominate over that from rǫ as
mentioned above. We find a particularly interesting case by assuming that the term which
involves ǫ2 is negligible as well
5. Then the neutrino mass matrix
mν ≈ −m
2
M
(rrTδ + rδr
T ) (48)
has rank 2, so that we can obtain a realistic mass spectrum with a strong hierarchy from
the perturbation rδ alone. Corrections from the neglected terms yield a tiny mass for the
lightest state. In order to verify that this form of mν is indeed compatible with the known
neutrino masses and mixings, we have determined values of the parameters that lead to
tri-bimaximal mixing [57] and mass squared differences within the experimentally allowed
ranges [56]. In this case θ13 = 0, which places rather strong restrictions on the form of
mν . Nevertheless, solutions for r and rδ can be found. The entries |a|, |b|, |c| have to be
roughly of the same order, and similarly |δa|, |δb|, |δc|. One choice leading to an inverted
mass hierarchy and a negative CP parity for one mass eigenstate is6
m = 2.8 GeV , M = 100 GeV ,
a = 1 , b = c ≈ 0.12 , δa ≈ 1.0 · 10−10 , δb = δc ≈ −4.3 · 10−10 .
The mass matrix (48) was studied in the context of leptogenesis in [59]. It was found that
a normal mass hierarchy with θ13 not far below the experimental bound is most natural,
if there are no hierarchies or special relations between the parameters in r and rδ. The
branching ratios for the flavour-violating decays li → ljγ in supersymmetric seesaw models
turned out to be related via the observed neutrino masses and mixings and of comparable
size.
5A non-zero ǫ2 can be absorbed into r
′
δ ≡ rδ + ǫ22 r, so that it does not change the discussion.
6The Dirac masses were chosen a bit smaller here in order to satisfy the bound |∑i VeiV ∗µi| . 10−4
from the non-observation of the decay µ→ eγ [58].
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Remarks
Let us conclude the discussion with some comments about variants of the scenario, which
may be useful input for the construction of models explaining the perturbations. In or-
der to reduce the number of free parameters, one could impose an “L parity”, i.e. a Z2
symmetry under which all fields with non-zero lepton number change sign. Then only the
perturbations ǫ1, ǫ2 and rδ are allowed, which violate L by two units.
If the main goal is avoiding tiny parameters instead, one could use only terms which
violate lepton number by one unit, since they appear quadratically in the light neutrino
mass matrix as mentioned. This means that only couplings of the singlet N3 contribute at
the tree level, leaving two active neutrinos massless. A second mass can then be generated
by radiative corrections if ǫ13 is sufficiently large. Alternatively, one could impose the
restriction that all perturbations are related to a single more fundamental parameter ε
violating L by one unit, i.e. ǫ23, rǫ ∼ ε and ǫ2, rδ ∼ ε2. Then the contributions of all these
parameters to the neutrino masses are of similar sizes, if M3 is not much larger than M .
The dependence of (m′−1R )11 on ǫ23 is non-negligible, and the term proportional to (m
′−1
R )13
in Eq. (37) becomes relevant in general. For m = 10 GeV and M3 ∼ 10M ∼ 1 TeV,
the value mν ∼ 0.1 eV requires ε . 10−5. Finally, one could invoke a cancellation of
the leading-order contributions due to ǫ2 and rδ, which occurs for rδ =
ǫ2
2
r according to
Eq. (41), in order to allow larger values for these parameters.
3.3 A4 Model
One may hope to obtain a connection between the leading-order mass matrices relevant for
LHC and the perturbations responsible for non-vanishing neutrino masses in the case of
the A4 toy model discussed in Sec. 2.4, postulating that the perturbations leave a subgroup
of A4 unbroken. The vevs (31) break A4 down to a Z3 subgroup, so that e.g. radiative
corrections will generate new couplings that are invariant under Z3 but not under A4 [60].
However, we find that these do not change the form of the Dirac mass matrix, similarly
to what happens in the models discussed in [60, 61]. The form of the singlet mass matrix
does change because it obtains non-vanishing off-diagonal entries. As a consequence of Z3,
these entries are all equal and therefore the active neutrinos remain massless.
Consequently, we have to consider additional symmetry breaking. The remaining op-
tions are the Z2 subgroups of A4. If the A4-triplet scalar χ responsible for this breaking
coupled to the neutrinos via renormalisable interactions, new entries would be generated
in every element of the Dirac mass matrix, destroying all predictivity. Let us therefore
assume that χ is a SM singlet, so that it can couple to the neutrinos only via the non-
renormalisable operator
3∑
i=1
κi νi
(
N2φ3χ1 + ωN3φ1χ2 + ω
2N1φ2χ3
)
+ κ′i νi
(
N3φ2χ1 + ωN1φ3χ2 + ω
2N2φ1χ3
)
with couplings κi and κ
′
i of dimension (mass)
−1, and the Yukawa term
λ
[
(NC2 N3 +N
C
3 N2)χ1 + (N
C
3 N1 +N
C
1 N3)χ2 + (N
C
1 N2 +N
C
2 N1)χ3
]
.
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For concreteness, we assume that χ develops the vev
〈χ〉 = (vχ, 0, 0) . (49)
Then the corrections to the mass matrices are
∆mD = vvχ

0 κ1 κ
′
1
0 κ2 κ
′
2
0 κ3 κ
′
3

 , ∆mR = λvχ

0 0 00 0 1
0 1 0

 . (50)
The complete Dirac mass matrix can have rank 3. To first order in κi, κ
′
i and ǫ ≡ λvχM , the
elements of the light neutrino mass matrix equal
(mν)ij =
v2
M
(2hihjǫ− hjκ¯i − hiκ¯j) (51)
with κ¯i ≡ ωvχ (κi + ωκ′i). This is the mass matrix of Eq. (41) for rǫ = 0, which is
compatible with observations, see Sec. 3.2. We obtain a strong mass hierarchy with the
lightest neutrino receiving a mass only from higher-order corrections. Note that including
the above-mentioned Z3-invariant corrections changes only hi but not ǫ at the considered
level of accuracy. If the position of the non-zero entry in 〈χ〉 is changed compared to
Eq. (49), ǫ and κ¯i will change by factors ω or ω
2, but the form of mν will remain unaltered.
Thus, we have constructed a pattern of symmetry breaking that produces perturbations
leading to a viable light neutrino mass matrix, which we had found in the previous section
by introducing all possible small perturbations and assuming some of them to dominate.
The smallness of the perturbations in the Dirac mass matrix can be motivated by the fact
that they arise from non-renormalisable interactions.
4 Collider Signatures
In this section, we turn to the consequences of the discussed scenarios for processes in-
volving RH neutrinos at colliders. Their charged-current gauge interactions are given by
Lcc = − g√
2
l¯αVαi γ
µWµ
1− γ5
2
N0i + h.c. , (52)
where lα is a charged lepton and N
0
i is a heavy neutrino mass eigenstate. The Feynman
diagrams for the most important processes at LHC [10] are shown in Fig. 1.
4.1 Lepton Number Violation
As a promising signal for the production of singlet neutrinos, L-violating processes with
like-sign leptons in the final state have been suggested. Their amplitudes are proportional
to the combination
ALNV ≡ Vαi Mi
p2 −M2i + iMiΓi
Vβi , (53)
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Figure 1: Feynman diagrams for lepton-number- (left) and lepton-flavour-violating processes (right) in-
volving heavy neutrinos at the LHC.
where Γi is the width of N
0
i . For Mi ∼ 100 GeV and |Vαi| ∼ 0.1, one finds Γi ∼ 0.01 GeV
[10]. The quantity ALNV also controls the contribution of the RH neutrinos to neutrinoless
double beta decay. The amplitude is proportional to ALNV with p
2 → 0 and α = β = e.
All the scenarios for the suppression of the light neutrino masses discussed above involve
the conservation of lepton number, so that ALNV vanishes. As an explicit example, consider
the case of a heavy Dirac pair. Then M1 = M2 = M , and the mixing matrix of the light
and the heavy neutrinos reads
V ≈ mDm−1R =
m√
2M

a i a 0b i b 0
c i c 0

 (54)
in the basis where mR is diagonal and in the usual seesaw approximation m ≪ M . In
order to check the accuracy of the approximation, we have diagonalised the 6 × 6 mass
matrixM exactly in the special case a = b = c, finding no significant changes. Obviously,
ALNV vanishes for all flavours α, β.
If L violation is introduced, ALNV will be proportional to the corresponding couplings,
which are restricted to be tiny by the smallness of neutrino masses. Hence, the suppression
of the cross section emerges in a very similar way as in the usual seesaw scenario. Sizable
lepton number violation would require the perturbations of the cancellation structure to
split the masses of the singlets forming the Dirac pair by an amount ∆M significantly
larger than their decay width. In this case, only one singlet would be produced on-shell
and dominate ALNV, resulting in a non-zero amplitude. If, for instance, p
2 = M21 , then
ALNV =
1
iΓ1
Vα1Vβ1 +
M2
M21 −M22 + iM2Γ2
Vα2Vβ2 ≈ 1
iΓ1
Vα1Vβ1 − 1
2∆M
Vα2Vβ2 . (55)
For example, the mass splitting caused by ǫ1 is roughly ∆M ≈ ǫ1M . Consequently, for
∆M ∼ 1 GeV ≫ Γi, we need ǫ1 ∼ 0.01 (again in the case M ∼ 100 GeV). This is still
a small perturbation but orders of magnitude above the bound (44), so that we cannot
avoid unacceptable active neutrino masses without fine-tuning. The parameter ǫ13 enters
the mass splitting quadratically and therefore has to be larger than ǫ1 to achieve the same
splitting ∆M ∼ 1 GeV, e.g. ǫ13 ∼ 0.3 for M ∼ 100 GeV and M3 ∼ 1 TeV. On the other
hand, the bound (45) is weaker than Eq. (44) and can be further relaxed if one allows
the one-loop correction to the neutrino masses to be of the same order of magnitude as
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the tree-level terms. Leaving aside the problem of explaining the large hierarchy between
the perturbations ǫi, lepton number violation via a large ǫ13 may then be achievable with
tuning at the percent level.
4.2 Lepton Flavour Violation
If L-violating effects are too small to be observable, one can still hope to detect events
with different lepton flavours such as e−µ+ in the final state, since these have a relatively
small SM background as well. According to [14], such signals are unlikely to be observable
at LHC, however. Now the amplitude is proportional to
ALFV ≡ Vαi p
p2 −M2i
V ∗βi . (56)
In the considered scenarios, the mechanism leading to the cancellation of ALNV causes
the different terms in ALFV to add up constructively. Again considering the example of
Eq. (54), we obtain
ALFV =
p
p2 −M2
(
Vα1V
∗
β1 + Vα2V
∗
β2
)
= 
p
p2 −M2
m2
M2
(a, b, c)α(a
∗, b∗, c∗)β . (57)
Hence, lepton-flavour-violating (LFV) amplitudes can be sizable. This also means that
bounds from low-energy searches for rare decays cannot be avoided by cancellations. The
most stringent limit,
∣∣∣∑
i
VeiV
∗
µi
∣∣∣ = m2
M2
|ab∗| . 10−4 , (58)
comes from the non-observation of the decay µ→ eγ [58]. In order to have at least a small
chance of observing events at LHC, this condition has to be satisfied with either a or b
being very small and the other parameter of order 1. In the most minimal examples for
perturbations we have seen that the large atmospheric mixing angle implies |b| ∼ |c|. In
this case, all amplitudes would be suppressed if b were small. Therefore, making a tiny
is the more favourable option. Then flavour-violating processes with electrons in the final
state are not observable, leaving processes with the final state τ±µ∓ as the best candidate
for observing singlets.
At the ILC, the situation is more hopeful, since there the resonant production of RH
neutrinos is possible for |V |ei & 0.01 [6, 10], which is allowed by Eq. (58) even if |a| ∼ |b|.
By observing the branching ratios for the subsequent decays into charged leptons, one
could determine the mixings with the different flavours directly.
4.3 Decoupling of Collider Physics from the Light Masses
If the observation of RH neutrinos at colliders is to shed light onto the mechanism of neu-
trino mass generation, the first key question we have to ask is whether the perturbations
responsible for neutrino masses could have consequences for signals at colliders. Unfortu-
nately, the smallness of the light neutrino masses immediately tells us that the answer is
negative. All perturbations of the couplings of relatively light singlets yielding neutrino
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masses are restricted to be tiny. Thus, they will not lead to observable collider signatures.
Instead, collider experiments are only sensitive to the large Yukawa couplings in Eq. (26),
i.e. to the cancellation structure of the mass matrices which does not produce neutrino
masses.
This leads to the second key question, whether perturbations can be introduced in
such a manner that the light neutrino mass matrix still “remembers” in some way the
cancellation structure. In other words, can perturbations lead to particular features of the
light neutrino mass matrix, so that the cancellation structure is imprinted in the structure
of mν? As argued above, a light neutrino mass matrix with at least two non-vanishing
eigenvalues can only be obtained if the Dirac mass matrix is perturbed. In general, this
introduces many new parameters, so that there is little hope to find a simple connection
between mν and the cancellation structure. Then the answer to the second question is
negative, too.
The situation is better in constrained setups where only some of the perturbations
are present or dominant. In the cases we discussed, a strong mass hierarchy is expected.
The number of free parameters is large enough to reproduce any mixing pattern, so that
there are no definite predictions for the mixing angles. However, to the extent that the
leading-order Yukawa couplings are fixed by the measured neutrino masses and mixings,
correlations between the branching ratios of LFV processes can be obtained, cf. Eq. (57),
analogously to what was found for the branching ratios of LFV decays [59]. As we have
argued, the severe limit from µ→ eγ probably means that at most one LFV branching ratio
will be measurable at LHC. Then the predicted correlations can be falsified by observing
a second LFV process. In order to verify them, one has to determine the mixings of
RH neutrinos with the different flavours directly, which may be possible at e+e− colliders
[6,7,10]. In the most optimistic case, collider experiments could even test some predictions
of leptogenesis models [26, 59].
5 Summary and Discussion
We have critically re-examined the possibility of a direct test of the seesaw mechanism
of neutrino mass generation in collider experiments. We have assumed the existence of
right-handed (RH) neutrinos with masses close to the electroweak scale (but no other new
particles or interactions). The upper bound on the light neutrino masses immediately leads
to the conclusion that these RH neutrinos are much too weakly coupled to the Standard
Model particles to be produced at colliders. This conclusion can only be avoided, if there
is a strong cancellation between the contributions from different RH neutrinos to the
light neutrino masses, which can be due to lepton number conservation. Then the seesaw
mechanism itself plays only a minor role in explaining the smallness of neutrino masses.
Light neutrino masses can appear as a result of a small breaking of lepton number. Other
effects of this breaking are too small to be tested at accelerators. The only hope to check
this possibility is to discover the RH neutrinos and to establish correlations, which may
exist in special cases, between properties of the light neutrino mass matrix and processes
at accelerators involving the RH neutrinos. Of course, one cannot exclude the existence
of additional, very heavy RH neutrinos contributing to neutrino masses via the standard
seesaw mechanism, but this cannot be tested directly.
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More explicitly, an exact cancellation of light neutrino masses occurs, if only one combi-
nation of the active neutrinos, ν˜, couples with the RH neutrinos, while two others decouple
and remain massless. The contributions of the RH neutrinos to the mass of ν˜ cancel due
to a certain correlation between their masses and Yukawa couplings. We have shown that
these are necessary conditions in scenarios with two and three RH neutrinos. If there are
more than three RH neutrinos, the conditions do not apply. In this case, more than one
combination of active neutrinos can couple to the RH neutrinos, and the cancellation can
be realised in a more complicated way.
We have discussed examples where the cancellation is due to a symmetry. In the
simplest setup, one RH neutrino decouples from the system. Another one mixes with ν˜
and forms a Dirac pair with the third RH neutrino, and the combination orthogonal to this
mixture stays massless. This structure implies conservation of lepton number. We have
also presented a simple model based on the discrete symmetry A4, in which L conservation
arises as an accidental symmetry.
If the cancellation is realised by a symmetry that leads to lepton number conservation,
it is stable against radiative corrections: three neutrinos remain massless. In all other
cases, the cancellation is unstable and therefore requires fine-tuning in several orders of
perturbation theory. This is true both for setups without any symmetry motivation and
for scenarios relying on a symmetry which does not imply L conservation.
Light neutrino masses are obtained from small perturbations of the leading-order mass
matrices. We have systematically considered all possible perturbations of the mass matrices
arising in the L-conserving setup. In the A4 toy model, we have discussed a pattern of
symmetry breaking that leaves a Z2 subgroup unbroken, resulting in a subset of the most
general perturbations and partially motivating their smallness.
Thus, both lepton number violation and active neutrino masses arise due to small
perturbations, and their magnitudes are related. Therefore, we expect lepton-number-
violating signals at colliders to be unobservable in untuned scenarios. The cross sections for
lepton-flavour-violating processes are not suppressed, so that LHC might have a chance to
observe such reactions. If this is the case, lepton flavour violation should also be observable
in upcoming experiments studying the decays of charged leptons.
The flavour pattern of processes with RH neutrinos at colliders depends on the par-
ticular combination ν˜. With a realistic experimental accuracy, a measurement of the
perturbations will not be possible. Consequently, in the most general case the theory con-
tains too many free parameters to realise a simple connection between collider observables
and the masses and mixings of the active neutrinos. In this sense, the mechanism of neu-
trino mass generation and collider physics decouple. However, in minimal cases, where
only some perturbations of the cancellation structure are present, one can find correlations
between features of neutrino masses and accelerator observables. These could be falsified
at the LHC and tested at the ILC. Of course, the discovery of Standard Model singlets
close to the electroweak scale would be very interesting by itself in any case.
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A Cancellation and Casas-Ibarra Parametrisation
Let us demonstrate how the cancellation condition can be derived using the Casas-Ibarra
parametrisation [47]. For illustration we consider the two-generation case and choose
R =
(
cosh x −i sinh x
i sinh x cosh x
)
. (59)
For simplicity we neglect neutrino mixing, UPMNS = 1. Then using Eq. (22) with the
diagonal matrices mν = diag(mν1, mν2) and mR = diag(M1,M2) we can write
mD =
(
cosh x
√
mν1M1 −i sinh x
√
mν1M2
i sinh x
√
mν2M1 cosh x
√
mν2M2
)
. (60)
For x≫ 1, cosh x ≈ sinh x ≈ ex/2. If in the limit mν → 0 the products ex√mν1 → √µ =
const., and ex
√
mν2 →√µα = const., the Dirac mass matrix becomes
mD =
( √
µM1 −i
√
µM2
i
√
µM1α
√
µM2α
)
. (61)
This matrix has rank 1 and satisfies the cancellation condition (12).
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